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Further, since for any matrix L the product P; = L(L*L)* L* represents the orthogonal projector onto R(L), and since CoCt =
CF = C*(Cy, equality (17) may be interpreted as

PCU = CE,"M +PCUP~

In view of R(P) C R(Cy), it follows that

CYCoP = Pc,P=P. (18)
Combining (18) with M P = 0 we get P.+,,Pc,p = 0, which according to the Theorem in §42 of the Halmos (1958) means
that PC; m + Pcop is the orthogonal projegtor onto R(Cf M : CoP). Since an orthogonal projector is uniquely determined by a
subspace onto which it projects, and since obviously R(Cf M : CoP) € R(Cy), the proof reduces to showing that

1(CoP : CH M) = r(C), 19)
where r(-) denotes the rank of a matrix argument. On account of (18), it follows that
1(CoP : CT M) =1(CHCoP : CFCT M) =1(P: CTM). (20)
But according to Theorem 5 in Marsaglia & Styan (1974),
1(P:CYM)=r1(P)+r(MCtM). @n
Moreover,
(MCtM)=1(MC*) =t(MP¢) =x(Pc — PPc) =r(Pc — P).
Since Po P = P, it follows from the Theorem in §42 of the Halmos (1958) that P — P is a projector, and therefore

r(MC*M) = tr(Pc — P) = tt(Pg) — r(P) = t(C) — r(P). (22)

Consequently, combining (20), (21), and (22) yields the desired equality (19).

References

[1] A. Albert (1969). Conditions for positive and nonnegative definiteness in terms of pseudo-inverses. SIAM Journal on Applied Mathematics, 17,
434-440.

[21 P. R. Halmos (1958). Finite-Dimensional Vector Spaces. Van Nostrand, Princeton, NJ.
[3] G. Marsaglia & G. P. H. Styan (1974). Equalities and inequalities for ranks of matrices. Linear and Multilinear Algebra, 2, 269-292.

Solution 26-5.2 by Hans Joachim WERNER, University of Bonn, Bonn, Germany: werner@united.econ.uni-bonn.de;
and Bao-Xue ZHANG, Beijing Institute of Technology, Beijing, China: baoxuezhang@sohu.com

Our proposed solution to this problem is based on the following two theorems.
THEOREM 1. Let VV be an n x n Hermitian nonnegative definite matrix. Moreover, let P be an n x n orthogonal projector such
that R(P) C R(V), and let P(P|V) denote the set of all those (generally oblique) projectors ) which satisfy simultaneously
R(Q) = R(P)and VN (P) C N(Q); here R(-) and N (-) denote the range (column space) and the null space, respectively, of (-).
Then we have:

@ R(V) = R(P) & VN (P); here & indicates a direct sum.

(b) QV and (I — Q)V are invariant for any choice of Q € P(P|V).

(c) Foreach @ € P(P|V), R(QV) =R(P), R(I —Q)V) = VN(P)and QV (I — @)* = 0.

(@) Foreach Q € P(P|V),V =QV + (I — Q)V, and QV and (I — Q)V are Hermitian nonnegative definite.

(e) P(PVTP)*PVt € P(P|V), and so for each ) € P(P|V), QV = P(PVtP)*P = (PV*P)*.

(f) Foreach @ € P(P|V), (I — Q)V = VM(MVM)* MV where M := I — P.

@V =(PVTP)YT+ VM(MVM)TMV > (PVTP)t where M := [ — P.

WVt =PV + VIM(MVTM)YMVY > (PVP)Y where M := I — P.
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PROOF: Since R(P) C R(V), (a) follows immediately from (2.6) in Werner & Yapar (1996), and so it is evident that P(P|V) is
not empty. From Theorem 2.5 in Werner & Yapar (1996) we even know that P(PV+ P)* PVt is in P(P|V); this proves the first
part of (¢). Theorem 2.7(i) & Theorem 2.7(iii) in Werner & Yapar (1996) give us (b) and (c). Equation QV (/ — @)* = 0 from
(©)implies QV = QVQ* = VQ*and (I —Q)V = (I - Q)V{I - @Q)* = V(I — Q)" Sinceinviewof ] = Q@ + (I — Q) we
trivially have V = QV + (I — @)V, the proof of (d) is now complete. Combining the first part of (b) with the first part of (e) gives
QV = P(PV*P)* P since PV*V = P. By checking the defining equations of the Moore-Penrose inverse of PVt P it is seen
that P(PV*tP)* P = (PV*P)*, and so we also have the second part (¢). Since M = I — P, R(M) = N(P). We note that
VM(MVM)*M is a projector onto R(V M) = VAN (P) along a subspace that includes A'(M) = R(P). Therefore, in view of
(@, b) & (¢), (I = Q)V = VM(MVM)* MV is invariant for any choice of @ € P(P|V). This is (f). From (d), (e) & (f) we
obtain (g). Since R(V*+) = R(V), R(P) C R(V™), and so, in view of (g) and (V' +)* = V,itis clear that (h) also holds true. O

THEOREM 2. Let A and B be Hermitian nonnegative definite matrices of the same size. Then we have:

(a) A + B is a Hermitian nonnegative definite matrix with R(A + B) = R(A) + R(B) and N (A + B) = N (A) N N (B).

(b) A(A + B)~ B is invariant under the choice of g-inverse (A + B)~.

(c) A(A+ B)TB = B(A + B)% A is Hermitian nonnegative definite with R(A) N\ R(B) and N'(A) + N(B) as its range
(column space) and null space, respectively.

(d) If P denotes the orthogonal projector onto R (A) NR(B) along N'(A)+ N (B), then (A(A + B)*B)" = P(A-+B~)P =
P(A* + B*)P irrespective of the choice of A~ and B~

The proof of this theorem is left as an exercise to the interested reader. In this context, we mention that Theorem 10.1.8 in Rao &
Mitra (1971) deals with a less restrictive situation; we also note that A(A + B)~ B is often called the parallel sum of A and B.

We are now in a position to prove the claimed inequalities. First, let A be such that 0 < A < 1. We recall that for each matrix C
and each scalar ¢ # 0, and we have (C1)" = C and (cC)* = ¢+ C* with ¢t = ¢~L. Hence, in view of Theorem 2(d),

[PAA+(1=NB)PIY = ATAT\tat +(1- 0BT (1-N*tB*
= A*[(1-1AT +ABT]T BT,
For convenience, we now put W := (1 - A)A* + AB*. Clearly, W = A+ + A\(Bt — A+) = Bt +(1-\)(At — B*). The matrices
At and BT are Hermitian nonnegative definite with R (A*) = R(A) and R(B*1) = R(B). Therefore, since 0 < A < 1, according

to Theorem 2(a), W is Hermitian nonnegative definite with R (W) = R(A)+R(B). Consequently, WW* (Bt — At) = BT — A+
and (AT — BY)W*W = A* — B*. With this in mind, we get

ATWEBY = DAt 4+ (1-NAT 4+ ABY —ABT W [ABT 4 (1 - \)BY + (1 - 14T — (1-))4t]
= [WH+ At - BH]WH [W + (1 -))(BT - AH)]
= W4+ XMAY = BY) + (1= A\)(BT —A%) + X1 - X)) (4t - BHw* (Bt - 41)
= At 4+ (1-A) (BT - AT) =21 = \)(At - BHYWT (AT — BH)
AAT + (1= X)BT = A1 = \)(AtT — BY )Wt (4t — BT)

and thus, since W is Hermitian nonnegative definite, also
AAT 4+ (1 = NBt —ATWt Bt = A(l =N (At = BHYywH (At — B*) > 0.

This completes the proof of inequality (a) in case of 0 < A < 1. For A = 0, inequality (a) reduces to (PBP)* <, B*, which is the
result of Theorem 1(h). For A = 1, inequality (a) becomes (P AP)* <, A*, which again holds according to Theorem 1(h).

So it remains to show that inequality (b) also holds true. To this end, let 0 < A < 1 be arbitrary but fixed. For convenience, put
H := XA+ (1 — A)B. Then, according to Theorem 1(h), H* = (PHP)t + H* M(MH*M)* M H*. From inequality (a), we
already know that (P H P)* < AA* + (1 — A\) B*. By combining these two observations we obtain the claimed inequality (b).
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IMAGE Problem Corner: New Problems

Problem 27-1: A Class of Square Roots of Involutory Matrices
Proposed by Richard William FAREBROTHER, 11 Castle Road, Bayston Hill, Shrewsbury, England: Msrbsrf@fs1.ec.man.ac.uk

Let A and B be n x n nonsingular real matrices satisfying ABA = B and BAB = A. Show that M = AA = BB is involutory
(i.e., M? = I), and identify a possible application for matrices of this type (see also “The Naming of Parts” on page 11 above).

Problem 27-2: Specific Generalized Inverses

Proposed by Jiirgen GROB & Gotz TRENKLER, Universitit Dortmund, Dortmund, Germany:
gross@statistik.uni-dortmund.de, trenkler@statistik.uni-dortmund.de

Characterize the class A of m x n matrices A with complex entries such that (A* A)* A* is a generalized inverse of A for an arbitrary
positive integer k.

Problem 27-3: A Word Problem
Proposed by Charles R. JOHNSON, The College of William and Mary, Williamsburg, Virginia: criohnso@m24.math.wm.edu

Let V (A, B) and W (A, B) be “words” in the two letters A and B, e.g., W could be W(A, B) = AABABBBA. Show that any
given W is identically equal to V if and only if W(L,U) = V(L, U) for the particular matrices

1 0 1 1
L= and U=
1 1 0 1

Problem 27-4: An Inequality for Hadamard Products Involving a Correlation Matrix
Proposed by Shuangzhe L1U, Australian National University, Canberra, Australia: lius@maths.anu.edu.au

Show that for a & x k positive definite correlation matrix A
(c+d)?
2cd

where o stands for the Hadamard product, < stands for the Lowner ordering, and ¢ and d are the largest and smallest eigenvalues
of A, respectively. This inequality is a counterpart to an inequality established by G. P. H. Styan (1973): Hadamard products and
multivariate statistical analysis, Linear Algebra and Its Applications, 6, 217-240.

AOA_1+I§L
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Problem 27-5: Orthogonal Projectors and the Léwner Ordering
Proposed by Gotz TRENKLER, Universitit Dortmund, Dortmund, Germany: trenkler@statistik.uni-dortmund.de

How are the complex orthogonal projectors P and @ (i.e., Hermitian idempotent matrices with complex entries) related if they
satisfy the following inequality in the Lowner ordering
VE(P+Q)F <L P+ Q.

where (P + Q) ¥ denotes the unique nonnegative definite square rootof P + @ ?

Problem 27-6: Inequalities of Hadamard Products of Nonnegative Definite Matrices
Proposed by Xingzhi ZHAN, Tohoku University, Aoba-ku, Sendai 980-8579, Japan: zhan@math.is.tohoku.ac.jp

Let A and B be nonnegative definite matrices of the same size and let s and ¢ be positive real numbers such that s + ¢ = 1. Prove or
disprove that
A*oB' < (Ao )*(BoI) <L (sA+tB)ol,

where o stands for the Hadamard product and <; for the Léwner ordering.




